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1 Introduction
It is well known that the central charge of a two dimensional conformal field theory is
an important quantity characterizing its behaviour: it is ubiquitous in many expressions
such as the central extension of the Virasoro algebra, the two point function of the energy-
momentum tensor, in the Weyl anomaly and is the coefficient of the logarithmically diver-
gent term in the entanglement entropy [1]. It also appears in the expression of Cardy’s
formula for the entropy. Actually the corresponding central charge may be thought of as
a measure of the number of degrees of freedom of the theory. Moreover Zamolodchikov’s
c-theorem in two dimensions indicates that in any renormalization group flow connecting
two fixed points, the central charge decreases along the flow, thus indicating that IR fixed
points are characterized by fewer degrees of freedom.
In higher dimensional conformal field theories the situation is completely different.
First of all the conformal group in higher dimensions does not have a central extension
and thus it is finite dimensional. Moreover the parameter which appears in the two-point
function of the energy-momentum tensor is not generally related to the one multiplying
the Euler density in the Weyl anomaly in even dimensional conformal field theories,1 nor is
1It was conjectured [2] that, in four dimensional space-times, the coefficient that multiplies the Euler
density always decreases along RG flow and may naturally define an a-theorem in four dimensions. This
conjecture has been proved in [3].
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it directly related to the cut-off independent terms of the entanglement entropy computed
for a smooth entangling region.
Indeed if one computes entanglement entropy for a given smooth entangling region in
a d+ 1 dimensional conformal field theory, one finds [4, 5]
SE =
[ d
2
]−1∑
i=0
A2i
d− 2i− 1
1
εd−2i−1
+ δ2[ d
2
]+1,d A2[ d
2
] log
H
ε
+ finite terms, (1.1)
where ε is a UV cut off, Ai’s are some constant parameters (in particular A0 is proportional
to the area of the enclosed entangling region) and [x] denotes the integer part of x. H is
a typical scale in the model which could be the size of entangling region. For an even
dimensional field theory (odd d in our notation) the coefficient of the logarithmic term,
A2[ d
2
], is a universal constant in the sense that it is independent of the UV cut off: in other
words it is fixed by the intrinsic properties of the theory. Two dimensional CFTs fall in
this case since the central charge is indeed a universal quantity.
In general for an even dimensional conformal field theory it can be shown that the
coefficient of the universal logarithmic term is given in terms of the Weyl anomaly (see
for example [6–8]). In particular, when the entangling region is a sphere the coefficient is
exactly the same as the one multiplying the Euler density. For odd dimensional spacetimes
(even d) one still has a universal constant term which might provide a generalization of the
c-theorem for odd dimensional conformal field theories [9, 10].
Having said this, it is natural to pose the question whether one could find further loga-
rithmic divergences in the expression of the entanglement entropy whose coefficients, being
universal in the sense specified above, could reflect certain intrinsic properties of the theory
under consideration. Moreover, if there is such a universal term, it would be interesting to
understand if any relation between it and other charges of the theory is present. Indeed
these questions, for some particular cases, have been addressed in the literature (see for
example [11–13]). In particular, it was shown that there is also a logarithmic term in three
dimensions for sets of entangling regions with non-smooth boundary. In [14] it was shown
numerically that the same logarithmic term arises for finite-sized entagling regions. More
precisely, for an entangling region with a cusp in three dimensions one has [11–13]
S = S1
L

+ a(ϕ) log + S0 (1.2)
where the cusp is specified by an angle defined such that ϕ = pi/2 corresponds to a smooth
line. Here L is the length of the boundary of the entangling region and S1 is a constant
which depends on the UV cut off, while a(ϕ) and S0 are universal parameters.
More recently based on early results [11–13] it was shown that “the ratio a(ϕ)CT , where
CT is the central charge in the stress-energy tensor correlator, is an almost universal quan-
tity” [15, 16](see also [17]). Indeed it was conjectured in those works that in a generic three
dimensional conformal field theory there is a universal ratio [15]
σ
CT
=
pi2
24
, (1.3)
where σ is defined through the asymptotic behaviour of a(ϕ), i.e. a(ϕ→ pi/2) ≈ σ(ϕ−pi/2)2.
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The aim of the present paper is to extend the above consideration to higher dimensional
field theories.2 Nonetheless, we will consider cases where the dual field theory does not
even have conformal symmetry. More precisely in this paper we shall explore different
logarithmic divergences for the entanglement entropy of strongly coupled field theories
whose gravitational dual are provided by geometries with a hyperscaling violating factor [18,
19]. The corresponding geometry in d+ 2 dimensions is given by (see appendix A)
ds2 = r−2
θ
d
(
−r2zdt2 + r2
d∑
i=1
dx2i +
dr2
r2
)
, (1.4)
where the constants z and θ are dynamical and hyperscaling violation exponents, respec-
tively. This is the most general geometry which is spatially homogeneous and covariant
under the following scale transformations
t→ λzt, r → λ−1r, xi → λxi, dsd+2 → λ
θ
ddsd+2. (1.5)
Note that with a non-zero θ, the line element is not invariant under rescalings which in the
context of AdS/CFT correspondence indicates violations of hyperscaling in the dual field
theory. More precisely, while in (d+1)-dimensional theories without hyperscaling violating
exponent the entropy scales as T d with temperature, in the present case, where the metric
has a non-zero θ, the entropy scales as T (d−θ)/z [19, 20].
Holographic entanglement entropy [22, 23] for hyperscaling violating geometries has
been studied in e.g. [21, 24, 25]. An interesting feature of metric (1.4) is that for the
special value of the hyperscaling violating exponent θ = d − 1, the holographic entangle-
ment entropy shows a logarithmic violation of the area law [20, 24], indicating that the
background (1.4) could provide a gravitational dual for a theory with an O(N2) Fermi
surface, where N is the number of degrees of freedom. Time-dependent behaviour of
holographic entanglement entropy in Vaidya-hyperscaling violating metrics has also been
studied in [26, 27].
In this paper we will study holographic entanglement entropy in the background (1.4)
for an entangling region with the form of cn × Rd−n−2 where cn is an n dimensional cone.
We will see that holographic computations indicate the presence of new divergences which
could include both log and log2 terms. Such terms could provide a new universal charge
for the model. Unlike the Weyl anomaly, this charge can be defined in both even and odd
dimensional theories. We also note that there is another quantity, defined in arbitrary
dimensions, which is the coefficient entering in the expression of stress-energy tensor two-
point function. Following the ideas in [15], we investigate whether there is a relation
between these two charges. We further show that there is a relation between them that
remains unchanged even when we add corrections due to the presence of (certain) higher
curvature terms. Therefore it is reasonable to conjecture that the relation between these
two charges is an intrinsic property of the underling theory. It is worth mentioning that
2Holographic entanglement entropy for certain singular surfaces in various dimensions has been studied
in [13] where it was shown that some specific non-smooth entangling regions exhibit new divergences that
include logarithmic ones (see table 1 there).
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although we will mainly consider a theory with hyperscaling violation, when it comes to
the comparison of charges we will restrict ourselves to θ = 0, though making a comment
on generic θ.
The paper is organized as follows. In the next section we will study entanglement
entropy of an entangling region consisting of an n-dimensional cone. In section 3 we will
compare the results with that of smooth entangling region where we will see that the
corresponding entanglement entropy for the singular surfaces exhibit new divergent terms
which include certain logarithmic terms. In section 4, from the coefficient of logarithmic
divergent terms, we will introduce a new charge for the theory which could be compared
with other central charges in the model. The last section is devoted to conclusions.
2 Entanglement entropy for a higher dimensional cone
In this section we shall study holographic entanglement entropy on a singular region con-
sisting of an n dimensional cone cn. To proceed it is convenient to use the following
parametrization for the metric in d+ 2 dimensions
ds2 =
L2
r
2 θ
d
F
−r2(1−z)dt2 + dr2 + dρ2 + ρ2(dϕ2 + sin2ϕ dΩ2n) + d~x2d−n−2
r2(1−
θ
d
)
. (2.1)
Here L is the radius of curvature of the spacetime and rF is a dynamical scale. Indeed the
above metric could provide a gravitational dual for a strongly coupled field theory with
hyperscaling violation below the dynamical scale rF [21].
The entangling region, which we choose to be cn ×Rd−n−2, i.e. an n-cone extended in
d− n− 2 transverse dimensions, may be parametrized in the following way
t = fixed 0 ≤ ϕ ≤ Ω . (2.2)
When n = 0 the entangling region, which we call a crease, will be delimited by −Ω ≤ ϕ ≤ Ω.
Following [22, 23], in order to compute holographic entanglement entropy one needs
to minimize the area of a co-dimension two hypersurface in the bulk geometry (2.1) whose
boundary coincides with the boundary of the entangling region. Given the symmetry of
both the background metric and of the shape of the entangling region, we can safely assume
that the corresponding co-dimension two hypersurface can be described as a function r(ρ, ϕ)
and therefore the induced metric on the hypersurface is
ds2ind =
L2
r
2 θ
d
F
(1 + r′2)dρ2 + (ρ2 + r˙2)dϕ2 + 2r′r˙dρdϕ+ ρ2 sin2 ϕ dΩ2n + d~x2d−n−2
r2(1−
θ
d
)
, (2.3)
where r′ = ∂ρr and r˙ = ∂ϕr. By computing the volume element associated to this in-
duced metric we are able to compute the area of the surface, and thus the holographic
entanglement entropy, as follows
A = nΩnVd−2−nL
d
rθF
∫
dρ dϕ
ρn sinnϕ
rd−θ
√
ρ2(1 + r′2) + r˙2, (2.4)
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where Vd−n−2 is the regularized volume of Rd−n−2 space and Ωn is the volume of the
n−sphere, Sn. We introduced n = 1 + δn0 to make sure that for n = 0 there is a factor of
2, as for n = 0 the integral over ϕ still span from 0 to Ω.
Treating the above area functional as an action for a two dimensional dynamical sys-
tem, we just need to solve the equations of motion coming from the variation of the action
to find the profile r(ρ, ϕ). Note, however, that since the entangling region is invariant under
rescaling of coordinates, dimensional analysis allows to further constrain the solution to
take the form
r(ρ, ϕ) = ρ h(ϕ) (2.5)
so that h(Ω) = 0 and, given radial symmetry of the background and of the entangling
region, h′(0) = 0. To find the area one should then compute the on-shell integral (2.4).
However, given that the integral is UV-divergent, we have to restrict the integration over the
portion of surface r ≥ ε, and eventually perform the limit ε→ 0 only after a regularization.
In this regard, the domain Σε over which the integration has to be carried out becomes
Σε =
{
ρ ∈ [ε/h0, H] and ϕ ∈ [0, h−1(ε/ρ)]
}
(2.6)
where h0 ≡ h(0) and H  ε is an arbitrarily big cutoff for the length of the sides of the
singular surfaces. Moreover from the positivity of r it follows h−1(ερ) < Ω.
To solve the equation of motion derived from the action (2.4) it is more convenient
to consider ϕ as a function of h, i.e. ϕ = ϕ(h). In this notation, setting r = ρh, the
area (2.4) reads
A = nΩnVd−n−2L
d
rθF
∫ H
ε/h0
dρ
ρdθ−n−1
∫ h0
ε/ρ
dh
sinnϕ
hdθ
√
1 + (1 + h2) ϕ′2, (2.7)
where dθ ≡ d− θ. The equation of motion for ϕ(h) is then
nh
(
ϕ′2 +
1
1 + h2
)
cotϕ+ϕ′
[ ((
h2 + 1
)
dθ − h2
)
ϕ′2 + dθ − 2h
2
(h2 + 1)
]
−hϕ′′=0. (2.8)
For n = 0 this equation, and the expression for the area (2.4), simplify significantly, and
become equivalent to the equation and area functional first studied e.g. in [12]. Indeed in
this case the corresponding singular surface is a pure crease k × Rd−2.
Since (2.8) is invariant under h→ −h we have that ϕ(h) is an even function. Therefore,
if we want to understand the behaviour of the solution near the boundary, we can Taylor
expand ϕ(h) as follows
ϕ(h) =
+∞∑
i=0
ϕ2i h
2i, (2.9)
so that, by substituting it in (2.8), the solution can be found order by order by fixing the
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coefficients ϕ2i. Indeed for the first three orders one finds(
2(dθ − 1)ϕ2 + n cot Ω
)
h (2.10)
+
[
8ϕ32dθ + n cot Ω
(
4ϕ22 − ϕ2 cot Ω− 1
)− ϕ2(n+ 4) + 4ϕ4(dθ − 3)]h3
+
[
− n (4ϕ32−ϕ2+ϕ4) cot2 Ω+ϕ32(8dθ−4n−8)+48dθϕ22ϕ4+n (ϕ22+16ϕ2ϕ4+1) cot Ω
+ nϕ22 cot
3 Ω + (n+ 4)ϕ2 − (n+ 8)ϕ4 + 6(dθ − 5)ϕ6
]
h5 + · · · = 0.
It is clear from this expression that for dθ = 2k+ 1 with k = 0, 1, · · · , the coefficient ϕ2k+2
cannot be fixed by this Taylor series. In fact when dθ is an odd number one has to modify
the expansion by allowing for a non-analytic logarithmic term, as in [13]. More precisely
for generic dθ one has
ϕ(h) =
[
dθ
2
]−1∑
i=0
ϕ2i h
2i + ϕ
2[
dθ
2
]
h2[
dθ
2
]
(
c+
1
2
δ
2[
dθ
2
]+1,dθ
log h2
)
+O
(
h2[
dθ
2
]+2
)
, (2.11)
where we denote with [y] the integer part of y. With this Taylor expansion the equation of
motion can be solved up to order O(h2[ dθ2 ]) which is enough to fix all ϕ2i for i = 1, · · · , [dθ2 ].
Note the constant c in the above expansion remains undetermined. The explicit expression
for the coefficients ϕ2i for the few first terms is presented in the appendix B.
Since the solution is regular at the boundary, we can expand in the same manner the
integrand of the area functional (2.7) around h = 0
sinnϕ
hdθ
√
1 + (1 + h2)ϕ′2 =
[
dθ
2
]−1∑
i=0
a2i
hdθ−2i
+
a
2[
dθ
2
]
h
δ
2[
dθ
2
]+1,dθ
+ finite terms, (2.12)
where the coefficients a2i can be expressed in terms of ϕ2i. The explicit expression of the
coefficients a2i for few first terms are presented in appendix B.
To regularize the area functional one may add and subtract the singular terms to
make the integration over h finite. Denoting the regular part of the integrand by Areg the
equation (2.7) reads
A=nΩnVd−n−2L
d
rθF
∫ H
ε/h0
dρ
ρdθ−n−1
∫ h0
0
dhAreg+
∫ h0
ε/ρ
dh
[
dθ
2
]−1∑
i=0
a2i
hdθ−2i
+
a
2[
dθ
2
]
h
δ
2[
dθ
2
]+1,dθ

,
(2.13)
where
Areg =
sinnϕ
hdθ
√
1 + (1 + h2)ϕ′2 −
[
dθ
2
]−1∑
i=0
a2i
hdθ−2i
+
a
2[
dθ
2
]
h
δ
2[
dθ
2
]+1,dθ
 . (2.14)
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It is then straightforward to perform the integration over h for the last term. Doing so,
one arrives at
A = nΩnVd−n−2L
d
rθF
A0
∫ H
ε/h0
dρ
ρdθ−n−1
+ n
ΩnVd−n−2Ld
rθF
∫ H
ε/h0
dρA1(ρ), (2.15)
where
A0 =
[
dθ
2
]−1∑
i=0
−a2i
(dθ − 2i− 1)hdθ−2i−10
+ a
2[
dθ
2
]
δ
2[
dθ
2
]+1,dθ
log h0 +
∫ h0
0
dh Areg ,
A1(ρ) =
[
dθ
2
]−1∑
i=0
a2i
(dθ − 2i− 1)
ρn−2i
εdθ−2i−1
+ a
2[
dθ
2
]
δ
2[
dθ
2
]+1,dθ
log ρε
ρdθ−n−1
. (2.16)
In order to evaluate the last integral in the equation (2.15) special care is needed. Indeed
if n is an odd number then one may get a logarithmically divergent term from integration
over ρ when i = [n2 ] + 1, which may happen only if [
n
2 ] ≤ [dθ2 ]− 2, which can happen only
for dθ ≥ 4. Therefore it is useful to rewrite A1(ρ) as follows
A1(ρ) =
[
dθ
2
]−1 ′∑
i=0
a2i
(dθ−2i−1)
ρn−2i
εdθ−2i−1
+δ2[n
2
]+1,n
a2[n
2
]+2 ε
3−dθ+2[n2 ]
(dθ−2[n2 ]−3)ρ
+δ
2[
dθ
2
]+1,dθ
a
2[
dθ
2
]
log ρε
ρdθ−n−1
,
(2.17)
where the prime in the summation indicates that when n is an odd number the term at
position i = [n2 ]+1 should be excluded from the sum. With this notation and for dθ−n 6= 2
one finds
∫ H
ε/h0
dρ A1(ρ) =
[
dθ
2
]−1 ′∑
i=0
a2i
(n− 2i+ 1)(dθ − 2i− 1)
(
Hn−2i+1
εdθ−2i−1
− h
2i−n−1
0
εdθ−n−2
)
(2.18)
−
a
2[
dθ
2
]
δ
2[
dθ
2
]+1,dθ
(dθ − n− 2)2
(
1 + (dθ − n− 2) log
(
H
ε
)
Hdθ−n−2
− 1− (dθ − n− 2) log h0
(ε/h0)dθ−n−2
)
+ δ2[n
2
]+1,n
a2[n
2
]+2
(dθ − 2[n2 ]− 3)
log Hh0ε
εdθ−2[
n
2
]−3 .
Moreover from the first term in (2.15) and for dθ − n 6= 2 one gets
∫ H
ε/h0
dρ
ρdθ−n−1
=
1
dθ − n− 2
(
hdθ−n−20
εdθ−n−2
− 1
Hdθ−n−2
)
. (2.19)
Altogether the divergent terms of the holographic entanglement entropy for dθ 6= n+ 2 are
– 7 –
J
H
E
P
0
9
(
2
0
1
5
)
1
7
2
obtained
S = n
ΩnVd−n−2Ld
4GrθF
[
dθ
2
]−1 ′∑
i=0
a2i
(n− 2i+ 1)(dθ − 2i− 1)
(
Hn−2i+1
εdθ−2i−1
− h
2i−n−1
0
εdθ−n−2
)
+
δ2[n
2
]+1,na2[n
2
]+2
(dθ − 2[n2 ]− 3)
log Hh0ε
εdθ−2[
n
2
]−3 +
A0
dθ−n−2
hdθ−n−20
εdθ−n−2
−
a
2[
dθ
2
]
δ
2[
dθ
2
]+1,dθ
dθ−n−2
×
(
log
(
H
ε
)
Hdθ−n−2
− 1− (dθ−n−2) log h0
(dθ−n−2)(ε/h0)dθ−n−2
)+ finite terms. (2.20)
From this general expression we observe that the holographic entanglement entropy for a
singular surface shaped as cn×Rd−n−2 contains many divergent terms including, when dθ is
an odd number,3 a logarithmically divergent term whose coefficient is universal, in the sense
that it is ε independent. This is the same behaviour for a generic entangling region where
in even dimensional CFTs the entanglement entropy contains always a logarithmically
divergent term.
On the other hand when dθ = n + 2 the holographic entanglement entropy gets new
logarithmic divergences. Indeed in this case the last two terms in (2.20) get modified,
leading to
S = n
ΩnVd−n−2Ld
4GrθF
[
dθ
2
]−1 ′∑
i=0
a2i
(n− 2i+ 1)(dθ − 2i− 1)
(
Hn−2i+1
εdθ−2i−1
− h
2i−n−1
0
εdθ−n−2
)
+
δ2[n
2
]+1,na2[n
2
]+2
(dθ − 2[n2 ]− 3)
log Hh0ε
εdθ−2[
n
2
]−3 +A0 log
Hh0
ε
+
a
2[
dθ
2
]
2
δ
2[
dθ
2
]+1,dθ
log2
(
H
ε
)+ finite terms. (2.21)
It is easy to see that for θ = 0 these results reduce to that in [13]. In particular for
θ = 0 and odd d (even dimension in the notation of [13]) where d = n+ 2 one finds a new
log2H/ε divergent term. Comparing with the table 1 in [13] this divergent term appears
in background space-times R4 and R6 with cones c1 and c3 respectively. For both cases we
have d = n+ 2.
It is, however, interesting to note that in the present case the condition to get squared
logarithmic terms is dθ = n+ 2 (for dθ ≥ 2) which allows us to have this divergent term in
any dimension if the hyperscaling violating exponent, θ, is chosen properly.
3It is worth noting that although the dimension d is an integer number, the hyperscaling violating
exponent, θ, does not need to be an integer number. Therefore the effective dimension, dθ, generally, may
not be an integer. For non-integer dθ we do not get any universal terms.
– 8 –
J
H
E
P
0
9
(
2
0
1
5
)
1
7
2
3 New divergences and universal terms
In the previous section we have studied possible divergent terms which could appear in
the expression for the area of minimal surfaces ending on the singular boundary regions.
However, we should be able to distinguish which new logarithmic divergences arise because
of the singular shape of the entangling region and which arise because of the choice of a
non trivial hyperscaling violating exponent θ. To this purpose and to isolate the universal
terms coming from the choice of the shape and not of the background, we study, in this
section, the behaviour of the divergences in the HEE for a smooth region, and compare
with the results of the previous section.
To find the divergent terms for a smooth surface, following our notation, we will
parametrize the metric as follows
ds2 =
L2
r
2 θ
d
F
−r2(1−z)dt2 + dr2 + dρ2 + ρ2(dϕ2 + sin2 ϕdΩ2n) + d~x2d−n−2
r2(1−
θ
d
)
. (3.1)
We would like to compute the holographic entanglement entropy for a smooth entangling
region given by
t = fixed ρ ≤ H, (3.2)
with this condition it is clear that the entangling region consists of the direct product be-
tween a ball and an infinite hyperplane, namely Bn×Rd−n−2. To compute the entanglement
entropy again we should essentially minimize the area which in our case is given by
Asmooth = ΩnVd−n−2L
d
rθF
∫ pi
0
dϕ sinn ϕ
∫
dr
ρn+1
√
1 + ρ′2
rdθ
. (3.3)
Using this expression and following the procedure we have explored in the previous section
one can find the divergent terms of holographic entanglement entropy for the smooth
entangling surface (3.2) as follows
Ssmooth = n
√
piΓ
(
n+1
2
)
ΩnVd−n−2Ld
4GrθFΓ
(
n
2 + 1
)
×
[
dθ
2
]−1∑
i=0
b2i
dθ − 2i− 1
1
εdθ−2i+1
+ b
2[
dθ
2
]
δ
2[
dθ
2
]+1,dθ
log
H
ε
+ finite terms, (3.4)
where b2i’s are coefficients appearing in the expansion of the area
ρn+1
√
1 + ρ′2
rdθ
=
[
dθ
2
]−1∑
i=0
b2i
rdθ−2i
+ δ
2[
dθ
2
]+1,dθ
b
2[
dθ
2
]
r
, (3.5)
which can be found from the equation of motion deduced from (3.3). In particular the
coefficient of the universal term for different (odd) dθ is found to be
dθ = 1 : b0 = H
n+1,
dθ = 3 : b2 = −(1 + n)
2
8
Hn−1. (3.6)
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Setting n = d − 2 in the above expressions we find the universal term of the holographic
entanglement entropy for a sphere.
We can make another choice of a smooth entangling region, that is an infinite strip
(i.e. the product between an interval and a hyperplane). Denoting the width of the strip
by `, the corresponding entanglement entropy for dθ 6= 1 is [21, 25]
Ssmooth =
LdVd−1
4(dθ − 1)Grd−dθF
 2
εdθ−1
−
2√piΓ
(
dθ+1
2dθ
)
Γ
(
1
2dθ
)
dθ 1
`dθ−1
 , (3.7)
while for dθ = 1 one has
Ssmooth =
LdVd−1
2Grd−1F
log
`
ε
. (3.8)
It is worth noting that when dθ = 1 the leading divergent term is logarithmic, indicating
that the dual strongly coupled field theory exhibits a Fermi surface [20, 24].
Comparing these expressions with equations (2.20) and (2.21) one observes that beside
the standard divergences, there are new divergent terms due to singular structure of the
entangling region. In particular there are either new log or log2 terms, whose coefficients
are universal in the sense that they are independent of the UV cut off. To proceed note
that for dθ 6= n+ 2 the universal term should be read from equation (2.20), that is
Suniv = −δ2[ dθ
2
]+1,dθ
n
ΩnVd−n−2a2[ dθ
2
]
LdHn+2−dθ
4(dθ − n− 2) rθF G
log
(
H
ε
)
, (3.9)
which is non-zero for odd dθ. On the other hand for dθ = n+ 2 the universal term can be
found from (2.21) to be
Suniv = n
ΩnVd−n−2Ld
4G rθF
[
A0 log
Hh0
ε
+
a
2[
dθ
2
]
2
δ
2[
dθ
2
]+1,dθ
log2
(
H
ε
)]
. (3.10)
Observe that in this case for any (integer) dθ the first term is always present though the log
2
term appears just for odd dθ. As already noted in [13], it is important to note that when
dθ is odd the universal term is given by log
2 and the term linear in log ε is not universal
any more.
Using these results one may define the coefficient of the logarithmic term, normalized
to the volume of the entangling region, as follows
CEEsingular = −n
3Ld
4(dθ − n− 2)G a2[ dθ2 ], for dθ odd, and dθ 6= n+ 2,
CEEsingular = −n
3Ld
4G
a
2[
dθ
2
]
2
, for dθ odd, and dθ = n+ 2,
CEEsingular = −n
3Ld
4G
A0, for dθ even, and dθ = n+ 2, (3.11)
where the explicit form of A0 and a2[ dθ
2
]
are given in the previous section and in the
appendix B. The factor of 3 in the above expressions is due to our normalization, which
has been fixed by comparing with the entanglement entropy of 2D CFT written as c3 log `/ε.
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Although the general form of the coefficients of the universal terms are given in the
equation (3.11) it is illustrative to present their explicit forms for particular values of
n and dθ.
3.1 dθ = 1
As we have seen the holographic entanglement entropy for a hyperscaling violating metric
exhibits a log term divergence for dθ = 1 even for a smooth surface. This may be understood
from the fact that the underlying dual theory may have a Fermi surface [20, 24]. For θ = 0
(that is d = 1) we indeed recover the logarithmic term of 2D conformal field theories [1].
When θ 6= 0 the physics is essentially controlled by the effective dimension dθ = d − θ.
Therefore even for higher dimensions d ≥ 2 with an appropriate choice of θ such that
dθ = 1 the holographic entanglement entropy always exhibit a leading logarithmically
divergent term.
In this case for an entangling region with a singularity, which clearly is meaningful
only for d ≥ 2, using the explicit expression for a0 one gets
CEEsingular = n
3Ld
4G
sinn Ω
n+ 1
, (3.12)
while for a smooth surface one has
CEEsmooth = n
3Ld
4G
. (3.13)
Note that for n = 0 both charges become the same. Note that for n > 1 the coefficient
of universal term CEEsingular is smaller than the one of the strip by a factor of
sinn Ω
2(n+1) and it
vanishes in the limit of Ω→ 0.
3.2 dθ = 2
For dθ = 2 being an even number, the holographic entanglement entropy has a universal
logarithmic term only for n = 0 which is [28]
CEEsingular =
3Ld
2G
A0, (3.14)
where
A0 = − 1
h0
+
∫ h0
0
dh
(√
1 + (1 + h2)ϕ′2
h2
− 1
h2
)
. (3.15)
Actually since the expressions we have found are independent of θ one may use the results
of d = 2, θ = 0 to compute the above universal term. Indeed in this case one has (see for
example [12, 13, 15])
CEEsingular =
{
3Ld
2piG
Γ( 3
4
)4
Ω Ω→ 0,
3Ld
8piG(
pi
2 − Ω)2 Ω→ pi2 .
(3.16)
– 11 –
J
H
E
P
0
9
(
2
0
1
5
)
1
7
2
3.3 dθ = 3
In this case when n 6= 1 the holographic entanglement entropy has a log term whose
coefficient may be treated as a universal factor given by
CEEsingular =
3n2Ld
32G
cos2 Ω
(1− n) sin2−n Ω , (3.17)
while for n = 1 the universal term should be read from the log2 term with the coefficient
CEEsingular =
3Ld
32G
cos2 Ω
2 sin Ω
. (3.18)
If we take the limit of planar and zero angle, we have that CEEsingular behaves as
CEEsingular =
{
3n2Ld
32G
1
(1−n)Ω2−n Ω→ 0,
3n2Ld
32G
(pi
2
−Ω)2
1−n Ω→ pi2 .
(3.19)
Note that for n = 1 the factor of 1 − n in the denominator should be replaced by 2. It is
worth noting that for n = 0 the universal charge is zero identically. Therefore for a singular
surface containing a crease there is not a universal term.
3.4 dθ = 4
In this case we get only for n = 2 a universal term, which should be read from the
equation (3.10), that is
CEEsingular =
3Ld
4G
A0, (3.20)
where
A0 =
sin2 Ω
3h30
− 4
9
cos2 Ω
h0
+
∫ h0
0
dh
(
sin2 ϕ
√
1 + (1 + h2)ϕ′2
h4
+
sin2 Ω
h4
− 4
9
cos2 Ω
h2
)
. (3.21)
Since we have n = 2 this result is valid for d ≥ 4.
The computation of A0 cannot be performed analytically, since we are not able to find
a closed expression for the profile h(ϕ), however it can still be found numerically.
We solved the equation of motion for ϕ and found it as a function of h0, thus finding
the dependence of Ω on h0. Then we computed the area and by shooting the solution we
were able to find A0 as a function of the opening angle Ω. The results are shown in figure 1.
One observes that qualitatively A0 diverges at Ω = 0 while vanishes at pi/2. To make this
statement more precise we have numerically studied asymptotic behaviours of the function
A0 for Ω → 0 and Ω → pi2 limits as shown in figure 2. The results may be summarized as
follows
CEEsingular =
{
3Ld
4G
0.116
Ω , Ω→ 0,
3Ld
4G
1.683
4pi
(
pi
2 − Ω
)2
, Ω→ pi2 .
(3.22)
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Figure 1. Ω as a function of h0 (left) and A0 as a function of Ω (right). It shows that the function
A0 diverges at Ω = 0 while vanishes at Ω =
pi
2 .
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Figure 2. Asymptotic behaviours of A0 at Ω→ 0 (left) and Ω→ pi2 (right). In these plots the dashed
lines correspond to test functions to probe the limiting value of A0. The corresponding functions
are given by y = −x− 2.15 (left) and y = 2x− 2.01 (right), in agreement with equation (3.22).
3.5 dθ = 5
In this case and when n 6= 3 we get
CEEsingular =
3n2Ld
4G
(
7n2 − 64) cos(2Ω) + n(7n− 32) + 64
4096(3− n)
cos2Ω
sin4−nΩ
(3.23)
while for n = 3
CEEsingular =
3Ld
4G
9(31− cos 2Ω)
4096
cos2 Ω
sin Ω
. (3.24)
Therefore the corresponding universal term has the following asymptotic behaviours
CEEsingular =
{
3n2Ld
4G
2n(7n−16)
4096(3−n)
1
Ω4−n , Ω→ 0,
3n2Ld
4G
32(4−n)
4096(3−n)
(
pi
2 − Ω
)2
, Ω→ pi2 ,
(3.25)
with an obvious replacement for n = 3.
It is also straightforward to further consider higher dθ. The lesson we learn from these
explicit examples is that for a singular surface of the form cn × Rd−n−2 and for dθ ≥ 2
the coefficient of the universal term given in the equation (3.11) has the following generic
asymptotic behaviour
CEEsingular ∼
{
3Ld
4G
1
Ωdθ−n−1 , Ω→ 0,
3Ld
4G
(
pi
2 − Ω
)2
, Ω→ pi2 .
(3.26)
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We see that for a generic opening angle Ω, we can infer the following expression for the
coefficient of the universal term
CEEsingular = fdθ,n(Ω)
3Ld
4G
cos2Ω
sindθ−n−1Ω
, (3.27)
where fdθ,n(Ω) is a function of Ω which is fixed for given dθ and n by requiring it to be
finite at Ω = 0 and Ω = pi2 .
4 New charge
In the previous section we showed that the area of the minimal surfaces ending on singular
entangling regions may present logarithmic divergences for specific choices of the extension
of the singularity, the dimensionality of the space time and the value of θ. The coefficients
of these divergent terms depend on the opening angle of the region, and we were able to
compute their value in the nearly smooth limit.
Based on these results and using the general expression given in the equation (3.11)
for dθ ≥ 2 one may define a new charge as follows
Cnd = lim
Ω→pi
2
CEEsingular
cos2 Ω
. (4.1)
Note that this is a well defined limit, leading to a finite quantity which is proportional to L
d
G
up to a numerical factor of order of one. Note also that as soon as we fixed dθ the resulting
charge is independent of θ, and may be defined in any dimension by setting n = dθ − 2.
As we have already mentioned there is another central charge which could be defined in
any dimension: the coefficient of the < TT > two-point function of the stress-energy tensor,
which we denote by CT . Following the idea of [15, 16], we can compare these two charges.
4
Unlike two dimensional CFT where CT is the same as the one appearing in the central
extension of the Virasoro algebra, in higher dimensions it should be read from the explicit
expression of the two-point function. Indeed, in the present context, the corresponding
two-point function may be found from the quadratic on-shell action of the perturbation of
the metric above a vacuum solution using holographic renormalization techniques [29].
We note, however, that since we do not have a well defined asymptotic behaviour of
the metric (A.4) in the sense of a Fefferman-Graham expansion, in general it is not an easy
task to compute the stress-energy tensor’s two-point function for spacetimes with generic
θ and z. Nevertheless setting z = 1, where one recovers the Lorentz invariance, we can still
use the holographic renormalization procedure to find (see appendix A)
CT =
Ld
8piG
d+ 2
d
Γ(dθ + 2)
pi
d+1
2 Γ
(
1+2dθ−d
2
) . (4.2)
Note that for z = 1, from the null energy condition one gets θ(d − θ) ≤ 0 which has
only a partial overlap with the parameter space of the model we are considering at θ = 0.
Therefore using the above expression we really should only compare it with the new central
charge of the model for θ = 0.
4Note that in even dimensions one may have another central charge, the coefficient of the Euler density
arising in the computations of the Weyl anomaly. It also appears as the universal term in the expression of
entanglement entropy for a sphere.
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Since however the new charge defined in (4.1) for given dθ is independent of θ, the
comparison still makes sense. In particular for dθ = 2, 3 and dθ = 4, respectively, one finds:
5
C0d
CT
=
d pi
d+1
2 Γ
(
5−d
2
)
2(d+ 2)
,
C1d
CT
=
d pi
d+3
2 Γ
(
7−d
2
)
64(d+ 2)
,
C2d
CT
= 1.683
d pi
d+1
2 Γ
(
9−d
2
)
80(d+ 2)
. (4.3)
For z 6= 1, CT depends explicitly on z and thus the above ratio will be z dependent, even
though Cnd will not.
Since both central charges considered above are proportional to L
d
G , it is evident that
their ratio is a purely numerical constant. In [16] it was conjectured that for three di-
mensional CFTs this ratio could be completely universal, regardless of the strength of the
coupling so to hold in both known statistical models and in QFTs with gravity duals. It
is thus interesting to understand whether this ratio, which could characterize whatsoever
CFT of fixed dimensionality, is still universal even in the higher dimensional cases we are
considering.
The easiest step we can make in this direction is to look at gravity theories with higher
curvature terms in the action, and see whether the corrections alter the ratio (4.3).
To proceed let us consider an action containing the most general curvature squared
corrections as follows
I = − 1
16piG
∫
dd+2x
√−g
(
R+V (φ)+λ1R
2 +λ2RµνR
µν +λ3RµνρσR
µνρσ
)
+Imatter (4.4)
where Imatter is a proper matter action to make sure that the model admits a hyper-
scaling violating geometry. It is then straightforward, although lengthy, to compute the
holographic entanglement entropy for this model.6 Indeed following [31], the holographic
entanglement entropy may be obtained by minimizing the following entropy functional
SA =
1
4G
∫
ddζ
√
γ
[
1+2λ1R+λ2
(
Rµνn
µ
i n
ν
i −
1
2
KiKi
)
+2λ3
(
Rµνρσn
µ
i n
ν
jn
ρ
in
σ
j −KiµνKµνi
)]
,
(4.5)
where with i = 1, 2 we denote the two transverse directions to a co-dimension two hyper-
surface in the bulk, nµi are two mutually orthogonal unit vectors to the hypersurface and
K(i) are the traces of two extrinsic curvature tensors defined by
K(i)µν = piσµpiρν∇ρ(ni)σ, with piσµ = δσµ + ξ
∑
i=1,2
(ni)
σ(ni)µ , (4.6)
where ξ = −1 for space-like and ξ = 1 for time-like vectors. Moreover γ is the induced
metric on the hypersurface whose coordinates are denoted by ζ.
Although so far we have been considering a theory with hyperscaling violation, as we
have already mentioned the holographic renormalization for generic hyperscaling exponent
has not been fully worked out and thus we have restricted ourselves to consider backgrounds
with z = 1. In this case the most interesting case allowed by the null energy condition is
5Due to our normalization of Cd for dθ = d = 2 there is factor
1
3
mismatch with the result of [16].
6Holographic entanglement entropy for a strip entangling region in theories with hyperscaling violation
in the presence of higher curvature terms has also been studied in [30].
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θ = 0. Therefore in what follows we just examine the relation between the two charges for
θ = 0 in an arbitrary dimension.
To compute higher curvature corrections to the entanglement entropy we note that in
our case the normal vectors are given by (note that we set θ = 0)
n1 =
L
r
(
1, 0, 0, 0 · · ·
)
, n2 =
L
r
1√
1 + h(ϕ)2 + h′(ϕ)2
(
0, 1,−h(ϕ),−ρh′(ϕ), 0, · · ·
)
.
(4.7)
It is then straightforward to extremize the functional (4.5) and evaluate it. In fact one
only needs to expand the above entropy functional around h = 0 to find its divergences
and read the universal coefficient of the logarithmic (or log2) term to find the corrections
to the central charge Cnd . Doing so one arrives at
C˜ nd = Υ C
n
d , (4.8)
where C˜ is the corrected central charge and
Υ = 1 +
4(d− 2)
L2
λ3 − 2(d+ 1)
L2
(λ2 + (d+ 2)λ1) . (4.9)
Now one needs to compute the corresponding corrections to the central charge CT . To
do so one first needs to linearize the equations of motion deduced from the action (4.4)
(see for example [32])
Rµν − 1
2
gµν(R+ V (φ)) + 2λ1
(
Rµν − 1
4
gµνR
)
R+ 2λ2
(
Rµσνρ − 1
4
gµνRσρ
)
Rσρ
+ (2λ1 + λ2 + 2λ3)
(
gµν−∇µ∇ν
)
R+ (λ2 + 4λ3) 
(
Rµν − 1
2
gµνR
)
+ 2λ3
(
2RµσνρR
σρ +RµσρτR
σρτ
ν − 2RµσRσν +
1
4
gµν(R
2
αβρσ + 4R
2
αβ)
)
= 0. (4.10)
Using the notation of appendix A one can linearize the above equations around the vacuum
solution given by (A.4) with θ = 0. The result is
Υ G(1)µν + (2λ1 + λ2 + 2λ3)
(
g¯µν¯− ∇¯µ∇¯ν − d+ 1
L2
g¯µν
)
R(1)
+ (λ2 + 4λ3)
((
¯+ 2
L2
)
G(1)µν +
d
L2
g¯µνR
(1)
)
= 0, (4.11)
where Υ is exactly the one given in equation (4.9), and
G(1)µν = R(1)µν −
1
2
g¯µνR
(1) +
d+ 1
L2
hµν . (4.12)
In the transverse-traceless gauge the above equation reads[
Υ + (λ2 + 4λ3)
(
¯+ 2
L2
)](
¯+ 2
L2
)
hµν = 0 (4.13)
which has to be solved in order to find the linearized solution. Since we are interested in the
correlation function of the energy momentum tensor, we should still look for a solution of
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(¯+ 2
L2
)hµν = 0. This equation is exactly the same equation one gets from purely Einstein
gravity, and thus the linearized equation of motion reduces essentially to solving standard
linearized Einstein equations. On the other hand, to evaluate the two-point function one
needs to find the quadratic action which has an effective Newton constant G/Υ. Indeed
going through the computations of the two-point function one finally finds that
C˜T = Υ CT , (4.14)
and thus we may conclude that
C˜ nd
C˜T
=
C nd
CT
, (4.15)
for arbitrary dimensions but with θ = 0.
Although we have examined the relation between the two central charges CT and C
n
d
just for squared curvature modifications of Einstein gravity, based on our observations and
the three-dimensional results of [16], it is tempting to conjecture that the the central charge
C nd is directly related to CT for a generic CFT.
5 Conclusions
In this paper we have studied the holographic entanglement entropy of an entangling region
cn × Rd−n−2, i.e. an n-dimensional cone extended in d− n− 2 transverse directions, for a
d + 1 dimensional theory in a hyperscaling violating background. We have observed that
due to the presence of a corner in the entangling region the divergence structure of the
entropy gets new terms.
In particular for certain values of θ, d and n the divergent terms include log or log-
squared terms whose coefficients are universal, in the sense that they are independent of
the UV cut off.
Given that we have been able to extract new regularization independent quantities,
it is tempting to conjecture that some information can be obtained about the underlying
dual field theory. This might be compared with the case of two dimensional conformal field
theories where the central charge appears in the coefficient of the (leading) logarithmic
divergence of the entanglement entropy for an interval.
Motivated by this similarity we proceed by analogy and, denoting the coefficient of the
logarithmic term appearing in the expression for the entanglement entropy by CEEsingular (see
equation (3.11)), we find that for dθ ≥ 2 we can define a new “central charge” as follows
C nd = lim
Ω→pi
2
CEEsingular
cos2 Ω
, (5.1)
which is proportional to Ld/G. As soon as the effective dimension dθ is fixed, the pro-
portionality constant only depends on d and n, while it is independent of θ. Therefore it
remains unchanged even if we set θ = 0, reducing the dual theory to a d + 1 dimensional
conformal field theory. It is natural to expect that this central charge may provide a mea-
sure for the number of degrees of freedom of the theory. Note that, unlike the one obtained
from Weyl anomaly, this central charge can be defined for both even and odd dimensions
when dθ = n+ 2.
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Another central charge which could be defined in any dimension is the one entering in
the expression for the stress-energy tensor’ two-point function. We checked whether the
ratio between these charges is a pure number and we also have computed corrections to
both Cnd and CT for theories with quadratic correction in the curvature. We have shown
that the relation between these two charges remains unchanged.
Based on this observation and the results for three dimensional CFTs [15, 16], one may
conjecture that the relation between these two central charges (CT and C
n
d ) is a somehow
intrinsic property of the field theory. In fact this relation is reminiscent of the relation
between Weyl anomaly of a conformal field theory in even dimension and the logarithmic
term in the entanglement entropy of the corresponding theory. If there is, indeed, such
a relation one would expect to have a general proof for it independently of an explicit
example7 [34].
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A Backgrounds with a hyperscaling violating factor
In this section we will review certain features of gravitational backgrounds with a hyper-
scaling violating factor [18, 19, 21]. In what follows we will follow the notation of [35] and
consider a minimal dilaton-Einstein-Maxwell action, that is
S = − 1
16piG
∫
dd+2x
√−g
[
R− 1
2
(∂φ)2 + V (φ)− 1
4
eλφFµνF
µν
]
, (A.1)
where, motivated by the typical exponential potentials of string theories, we will consider
the following potential
V = V0e
γφ. (A.2)
The equations of motion of the above action read
Rµν +
V (φ)
d
gµν =
1
2
∂µφ∂νφ+
1
2
eλφ
(
F ρµFρν −
gµν
2d
F 2
)
,
∇2φ = −dV (φ)
dφ
+
1
4
λeλφF 2, ∂µ
(√−geλφFµν) = 0. (A.3)
7M.A. would like to thank S. Trivedi for a discussion on this point.
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It is straightforward to find a solution to these equation, namely the black brane
ds2 =
L2
r2
(
r
rF
)2 θ
d
(
−f(r)dt
2
r2(z−1)
+
dr2
f(r)
+ d~x2d
)
, f(r) = 1−m rdθ+z, (A.4)
Ftr =
√
2(z − 1)(dθ + z)rdθ+z−1, φ =
√
2dθ(z − 1− θ/d) log r,
which solve (A.3) if we choose the parameters in the action to be
V =
(dθ+z)(dθ+z−1)
L2
(rF
r
) 2θ
d
, λ=−2 θ+ddθ√
2ddθ(dz−d−θ)
, γ=
2θ
d
√
2dθ(z−1−θ/d)
. (A.5)
Here L is the radius of curvature of the spacetime, rF is a scale which can be interpreted as
the gravitational dual of the Fermi radius of the theory living on the boundary and θ, z are
respectively the hyperscaling violating and the Lifshitz exponents. A charged black brane
solution would need more gauge fields to support its charge, although in what follows we
restrict ourselves to the neutral background.
This geometry is a black brane background whose Hawking temperature is
T =
dθ + z
4pi rzH
, (A.6)
where rH is the horizon radius defined by f(rH) = 0. In terms of the Hawking temperature
the thermal entropy can be computed to be
Sth =
(
4pi
dθ + z
) dθ
z LdVd
4G rd−dθF
T
dθ
z . (A.7)
It is also interesting to evaluate the quadratic action for a small perturbation above
the vacuum solution (A.4). This may be used to compute the two-point function of the
energy momentum tensor. To proceed we will consider a perturbation over the vacuum in
which we let vary only the metric
gµν = g¯µν + hµν , φ = φ¯, Aµ = A¯µ, (A.8)
where the “bar” quantities represent the vacuum solution (A.4). It is then straightforward
to linearize the equations of motion, leading to
R(1)µν +
V (φ¯)
d
hµν = 0,
1√
g¯
∂µ
(√
g¯hµν∂ν φ¯
)
=
1
2
g¯µν∂µh∂ν φ¯, F¯
µν∂µh = 0. (A.9)
Here the linearized Ricci tensor is given by
R(1)µν =
1
2
(−∇¯2hµν − ∇¯µ∇¯νh+ ∇¯σ∇¯νhσµ + ∇¯σ∇¯µhσν) (A.10)
=
1
2
(
−∇¯2hµν − ∇¯µ∇¯νh+ ∇¯ν∇¯σhσµ + ∇¯µ∇¯σhσν + R¯σνhσµ + R¯σµhσν − 2R¯λµσνhλσ
)
.
Moreover for the Ricci scalar one gets
R(1) = g¯µνR(1)µν − R¯µνhµν = −∇¯2h+ ∇¯µ∇¯νhµν − R¯µνhµν . (A.11)
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In order to solve the equations of motion one needs to properly fix the gauge freedom.
In our case it turns out to be useful to choose a covariant gauge ∇µhµν = 12∇νh, which
however still does not fix all redundant degrees of freedom. Indeed, we fix the remaining
ones by setting hri = h = 0 and thus ∇µhµν = 0 so that we reduce to a transverse and
traceless gauge. It is easy to see, with this constraint and gauge choice, that the equation
of motion of the scalar field at first order will be identically satisfied and one only needs to
solve the Einstein equations, which, generally, reduce to an equation of motion for a scalar
field. Indeed taking into account that
R¯µσh
σ
ν = −
1
d
(
V (φ¯) +
1
4
eλφ¯F¯ 2
)
hµν +
1
2
hσν
(
∂µφ¯∂σφ¯+ e
λφ¯F¯ ρµ F¯ρσ
)
(A.12)
and using the transverse-traceless gauge we arrive at
∇¯2hµν + 2R¯αµβνhαβ + 1
2d
eλφ¯F¯ 2hµν − 1
2
eλφ¯F¯ρσF¯
ρ
(µh
σ
ν) = 0. (A.13)
Using the parameters of the vacuum solution, one could in principle solve the above dif-
ferential equations with given boundary condition. Then by making use of the AdS/CFT
correspondence from the quadratic action one can compute the two-point function of the
energy momentum tensor for a strongly coupled field theory whose gravitational dual is pro-
vided by a geometry with hyperscaling violating factor using holographic renormalization.
In general (A.13) cannot be solved analytically, and since for z 6= 1 we do not have a
good control on the asymptotic behaviour of the metric (in analogy with the Fefferman-
Graham expansion), it is hard to use holographic renormalization techniques (see how-
ever [36] for a related issue).
On the other hand, setting z = 1, and thus recovering Lorentz symmetry in the bulk
metric, we can rely on the holographic renormalization to compute the stress-energy tensor
two-point’s function, namely because the action reduces to a dilaton-Einstein model with
a simpler equation of motion
∇¯2hµν + 2R¯αµβνhαβ = 0. (A.14)
It is however important to note that the null energy condition for z = 1 implies that
θ(d− θ) ≤ 0, that is either θ ≤ 0 or θ ≥ d. In all our computations we implicitly assumed
dθ ≥ 1, playing dθ the role of the effective dimension, although a solution with θ > d may
not be consistent [21].
Moreover, for θ = 0 it is clear that all equations reduce to that of Einstein gravity. In
particular one gets [33]
hlk(r, x) =
Γ (d+ 1)
pi
d+1
2 Γ
(
1+d
2
) ∫ dyd+1( r
r2+(x−y)2
)d+1
J ik(x−y)J lj(x−y)P ji ab hab(y), (A.15)
where hab is the boundary value of the metric and (see [33])
J ij(x) = δ
i
j − 2
xjx
i
|x|2 , P
j
i ab =
1
2
(
δiaδ
j
b + δibδ
j
a
)
− 1
d+ 1
δji δab. (A.16)
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Since the quadratic on-shell action is a divergent quantity one needs to consider both
boundary and counterterms in order to properly compute the two-point function. In the
present case for z = 1 the terms of the renormalized action which could contribute to
quadratic order perturbatively in the metric are8
Stotal = S − 1
8piG
∫
dd+1x
√
γK − 1
8piG
∫
dd+1x
√
γ
(rF
r
) θ
d dθ
L
, (A.17)
where S is the original action (A.1). To evaluate the quadratic action it is also useful
to note ∫
dd+1x
√
γ K = ∂n
∫
dd+1x
√
γ =
r
L
(rF
r
) θ
d
∂r
∫
dd+1x
√
γ, (A.18)
with
√
γ =
(
L
r
)d+1( r
rF
)θ+ θ
d
(
1 +
1
2
h− 1
4
hijh
j
i +
1
8
h2 + · · ·
)
. (A.19)
By plugging the linearized solution back into the action one finds (see [33] for more details)
Stotal =
1
4
Ld
16piG
d+ 2
d
Γ(d+ 2)
pi
d+1
2 Γ
(
1+d
2
) ∫ dd+1x dd+1y hab (x)G b da c (x, y)hcd(y)
(x− y)2(d+1) , (A.20)
where G b da c (x, y) = J
i
a(x − y)Jbj (x − y)P j di c . Having found the quadratic on-shell action
the two-point function of the energy momentum tensor can be found as follows
〈Tab(x)Tcd(y)〉 = CT
(x− y)2(d+1)Gabcd(x, y). (A.21)
where
CT =
Ld
8piG
d+ 2
d
Γ(d+ 2)
pi
d+1
2 Γ
(
1+d
2
) . (A.22)
For z = 1 and θ 6= 0 one can still find a solution for the equation of motion and evaluate the
quadratic action. In this case going through the all steps mentioned above, one arrives at
CT =
Ld
8piGrd−dθF
d+ 2
d
Γ(dθ + 2)
pi
d+1
2 Γ
(
1+2dθ−d
2
) . (A.23)
It is worth noting that the above expression may also be found from the fact that the
equations of motion of metric perturbations in traceless-transverse gauge reduce to the
equation of motion for a scalar field and therefore the corresponding two-point function
may be read from the one of a scalar field [21].
For z 6= 1, although it is not possible to find holographically the general form of the
two-point function of Tµν , we may still have a chance to compute the equal time correlator.
Although we have not gone through the details of this idea, but from the analogous results
of the scalar field [21] one might expect to get the following expression
CT ∝ L
d
8piGrd−dθF
Γ(dθ + z + 1)
pi
d+1
2 Γ
(
2z−1+2dθ−d
2
) . (A.24)
We see that here, differently from the holographic entanglement entropy, the coefficient
does in fact depend on the Lifshitz exponent z.
8Note that we are using Euclidean signature for metric (see for example [37, 38]).
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B Explicit expressions for ϕ2i and a2i for i = 1, 2, 3
In this appendix we will present the explicit form of the coefficients ϕ2i for the first few
orders. To proceed let us start with the following series Ansatz for ϕ
ϕ(h) = Ω + ϕ2h
2 + ϕ4h
4 + ϕ6h
6 +O(h8). (B.1)
Plugging this series in the equation of motion of ϕ one arrives at the equation (2.10) which
can be solved order by order. Doing so one finds
ϕ2 = − n cot Ω
2(dθ − 1) , ϕ4 = −
n cot Ω[(−2n+ (dθ − 1)2)n cot2 Ω + (dθ − 1)2(6− 2dθ + n)]
8(dθ − 3)(dθ − 1)3 ,
ϕ6 = −8(dθ + 2)n
2 − 22(dθ − 1)2n+ (3dθ − 7)(dθ − 1)3
48(dθ − 5)(dθ − 3)(dθ − 1)5 n
3 cot5 Ω
− 2(dθ(dθ + 3)− 20)n− (3dθ − 13)(dθ − 1)
2 − 11n2
24(dθ − 5)(dθ − 3)(dθ − 1)3 n
2 cot3 Ω
− (2dθ − n− 6)(4dθ − n− 20)
48(dθ − 5)(dθ − 3)(dθ − 1) n cot Ω. (B.2)
It is clear from these expressions that the solution breaks down for dθ = 2k+1, k = 0, 1, · · · .
In this case one needs to modify the Anstatz by adding a logarithmic term. For example
for dθ = 3, using the Ansatz
ϕ(h) = Ω + ϕ2h
2 + ϕ4h
4
(
c+
1
2
log h2
)
+O(h6), (B.3)
one finds9
ϕ2 = −n
4
cot Ω, ϕ4 = −n
2
64
(n− 4 + n cos 2Ω) cot Ω csc2 Ω, (B.4)
where c remains unfixed. Similarly for dθ = 5 for the Ansatz
ϕ(h) = Ω + ϕ2h
2 + ϕ4h
4 + ϕ6h
6
(
c+
1
2
log h2
)
+O(h8) (B.5)
one arrives at
ϕ2 = −n
8
cot Ω, ϕ4 =
n
512
[(n− 8)n cot2 Ω− 8(n− 4)] cot Ω,
ϕ6 =
(n− 4)(7n− 16) n cot4 Ω− 4(n(11n− 40) + 32) cot2 Ω + 32(n− 4)
12288
n2 cot Ω, (B.6)
with unspecified c.
Having found the coefficients ϕ2i it is straightforward to find the coefficients a2i ap-
pearing in the equation (2.12). The results are
a0 = sin
n Ω, a2 = ϕ2(2ϕ2 + n cot Ω) sin
n Ω (B.7)
a4 =
1
2
[
n
(
2ϕ32+ϕ4
)
sin 2Ω−ϕ2 sin2 Ω
(
ϕ2
(
4ϕ22+n−4
)−16ϕ4)+ϕ22(n−1)n cos2 Ω]sinn−2 Ω.
Note that for the particular values of dθ = 1, 3 one needs to use the proper results of ϕ2i
given in this appendix.
9See also [13].
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